O mocTpoeHNN BEKTOPHBIX T0JIel cdep

Uropn basik

AnHoranus

B nammoit pabore mokazaHO KaK C HMOMOIIBIO TPYIIIBI 3€PKATBHBIX
cuMMeTpuit chopMUPOBATH MAKCHMAJIBHO BO3MOXKHYIO CUCTEMY JIH-
HEeHO He3aBUCUMbBIX TPUBUAJIBHLIX BEKTOPHbBIX [10JICH HEYETHOMEPHON
cdepbl MPOU3BOILHON PA3MEPHOCTH.

1 IlocraHoBKa 3aga4du u olpeaejeHud

Heobxoaumas Ham TpyIia 3epKaJbHBIX CUMMETPU BO3HIHKAET TPH PEIleHun
KOHKPETHOI 3a/a4d, MO3TOMY CPOPMYIHPYEM CHadasa mpobaemy. XOopomuio
U3BECTHO, YTO TPHUBUAJBHBIX BEKTOPHBIX IOJIEH YeTHOMEPHBIX cdep He Cy-
IIECTBYET, 8 MAKCUMAIbLHOE YUCJIO PEryIsSPHBIX JIMHEHHO HEe3aBUCHMBIX BEK-
TOPHBIX HoJeit HedernoMmepHoit ceprr S"~! pasno p(m) = 8d + 2¢ — 1, rue
c=|m| mod 4, m = 4d+c, n = (2a+1)2™, m,a € N. Oxonuarenbuoe perre-
HEe 9TOii 3a/la4u HAILIO oTpaykeHue B pabore Amamca [4]. B cBoro ouepesp,
AmunoB B MoHOrpadun [5] mokasan kak chOpMUPOBATH, T.€. MOJTYIUTh B sTB-
HOM BHUJIE, HOJHYIO CACTEMY PEryIsspHBIX JHHEHHO He3aBUCUMBIX BEKTODPHBIX
noJieil HedeTHOMEPHBIX cep MaJsioit pazmepHoctu. Ilonpodyem dpopmalsinzo-
BaTh U 00OOIINTH SMIMPUIECKUI PE3YAbTAT, OJYYeHHBI AMUHOBBIM.
[IycTh B eBKIMIOBOM nipocTpancTBe R™ pasmepnoctu n = 2™ ypaBHEHU-
eM 22 = 1 3amana cdepa S" !, HA KOTODPOH JI€JKUT IPOU3BOJIBLHBIN BEKTOD
X. Oproronansaoe Kk X BekTopHoe nosie AX, rne A — onpearop IpocTpaH-
crBa End R”, massIBaeTcs peryIapHBIM BeKTOPHBIM moseM cdepbl S™ L. ITo-
ckosbky (AX, X) = 0, T0 A 3T0 KOCOCHMMETPHUYHBIII ONEPATOP, U TTOITOMY
B MarpuunoM npeicrasirernu AT = —A. Tlepex HaMu CTOUT 3a/a4a — Hali-
TH U IPEJCTABUTH JUHEHHO HE3aBHCUMYIO CHCTEMY PEry/IspPHBIX BEKTOPHBIX
noJieft. Omeparopbl, hOPMHUPYIONTIUE 3TU MOJs, MBI OYIEM UCKATDb CPEIA OPTO-
rOHAJIBHBIX OIIEPATOPOB, a YCJIOBHE JTHHEHHON HE3aBUCHMOCTH 3aMEHIM YCJI0-
BUeM TonapHoit oproronasbuocru. Toraa, eciu A € O(n), To KOCcOCUMMET-
PUYHOCTL OPTOTOHAILHOTO onepaTopa A sksuBasenTra yeiaosuio A~ = —A



wm A* = —E. B 10 ke Bpems, ecim A, A’ € O(n), A> = (A)> = —F u BbI-
HoJHsAETC yeaoBue oproronanabnoctu nojgeit AX u A’X, To B cuty ToxK1e-
crBa (A'X,AX) = (A*A'X, X) = —(AA'X, X) = 0 MBI TIOJIyduM yCIOBHE
(AA")? = —E, u3 KOTOPOro cjieflyeT paBHOCHILHOE €My YCJIOBHE AHTHKOMMY-
raTuHOCTH oneparopos A’A = —AA’. Utak, HaM HeoOX01MMO HAHTH MaKCH-
MAJBHO BO3MOYKHOE YUCJIO OPTOTOHATIBHBIX KOCOCHMMETPUYIHBIX TTOTIAPHO aH-
THKOMMYTHDYIOIIUX OIIEPATOPOB, WM UHAYE, OPTOTOHAJBHBIX KOCOCHMMET-
PUYHBIX OIIEPATOPOB, BCAKOE MOMAPHOE MPOU3BEAEHHE KOTOPHIX TAKKE KOCO-
CUMMETPUIHO.

[Ipexk e dem B3AThCS 3a pellleHHe TOCTABIEHON 3a/1a91, HAIIOMHUM BaM,
YTO JOKA3aTEJbCTBO CYIECTBOBAHUSI TPUBHAJIBHBIX BEKTOPHBIX MOJIEll HedeT-
HOMEPHbIX chep OCHOBAHO HA, CYIECTBOBAHUU IOMOTOIIHOTO TOXK JIECTBEHHOMY
AHTHUIIOIAJBHOTO 0TOOpazKeHnst HedeTHOMePHBIX cdep. OOpaTHO, OTCYyTCTBHE
BEKTOPHBIX 10JIEiT 9eTHOMEPHBIX ¢hep CBA3aHO ¢ OTCYTCTBUEM TOMOTOIHOIO
TOKIECTBEHHOMY aHTHIIOJATBHOIO OTOOpazKeHusl YeTHOMEPHBIX cdep. Bme-
cre ¢ TeM, Besikag cdepa S™ 1 romeomopdHa rpanuIie n-MepHOro mapaJiiee-
MUIe/a, U TOITOMY CYIIECTBOBAHUE (OTCYTCTBHE) TPUBHAIBHBIX BEKTOPHBIX
nojieit cepbl S™! SKBUBAJIEHTHO CYIIECTBOBAHUIO (OTCYTCTBHIO) FOMOTOII-
HOTO TOXKJIECTBEHHOMY aHTHIIOJAJIBHOTO OTOOPArKEHWsl IPAHHIBI 1-MEPHOTO
napaJsiesienune/ia. 3aMeTuM MPU 3TOM, YTO TPYNIa H30MOPGU3MOB I'DAHH-
Il M-MEPHOIO MapaJlIesienulea paBHa TPYIe MOHOMHAJIBHBIX MOJCTAHO-
BOK Oasmca mpocTpaHcTBa R™, T.e. OHA COCTOUT U3 MATPHIL, B KayKI0H CTPOKE
U KaxkJIOM CTOJOIE KOTOPBIX MO OJHOMY HEHYJIEBOMY 3JIEMEHTY pasHOMYy |
mwin —1, u mo3ToMy m3oMOp(hHA CILTETEHHOMY Tpou3BemeHnto S ! .S,. MHo-
JKECTBO M30MOP(MU3MOB I'PAHNIIBI N-MEPHOTO TapaJIeenunena mo CBoicTBy
COXpaHEeHUsl UM U3MEHEHsT OPUEHTAINN IPAHUIIB Pa3OUBaeTCsI Ha B KJIac-
ca oTOOparKeHuii, a HMEHHO, Ha KJACC TOMOTOMHBIX ¥ KJACC HENOMOTOIHBIX
TOXKJIECTBEHHOMY 0TOOpaskeHmit. [[puHa1/Ie?KHOCTh K TOMY M WHOMY KJIac-
Cy OIpeesIeTCs JeTePMUHAHTOM MATPHILI IIPEJACTABACHUsS N30MOP(PHU3MA,
T.€. PABEHCTRBO JCTEPMUHAHTA MATPHILBI eJINHUIIEC O3HATAET TPUHAIEKHOCTh
COOTBETCTBYIOIIEr0 H30MOpdu3Ma K KJIaCCy TOMOTOIHBIX TOXKJIECTBEHHOMY
orobpazkeHuii, a paBeHCTBO — 1 03HAYaeT MPUHAIIEKHOCTD K KJIACCY HETOMO-
TOIHBIX TOXKJIECTBEHHOMY OTOOpaykeHnil. OTKy1a MOHSATHO, YTO CYIIECTBOBA-
Hre (OTCYTCTBHE) TOMOTOIHOIO TOXKJECTBEHHOMY AHTHIIOLAJIBHOIO O0TOGpa-
JKEHUS TPAHUIBI N-MEPHOTO NapaJIIeJeIHIe a OnPeIeJIeTcs IeTePMUHAH-
TOM JIHATOHAJBHON MATPHUIIBI, BCE JIEMEHTHI KOTOPOW paBHBI —1, T.e. 3TO
CBOHCTBO CBSI3aHO ¢ YETHOCTBIO YHCIa 1. B ¢BOIO 0vYepesh, I BCIKOTO JeT-
HOTO 7 BCETJA CYIIECTBYET H30MOPMU3M IPAHUIIBI N-MEPHOTO MapaJsLie/el-
1eJia, KBajpaT KOTOPOI'0 paBeH aHTHIIONAJIbLHOMY OoToOpakenuto. JlelicTBu-
TEJBHO, JJIS 9TOrO JIOCTATOYHO B3ATh TAKYI0 MOHOMHMAJBHYIO MOJCTAHOBKY
Gasnca R", koropas B Hpom3BosbHOM pasbuennu Gasuca {(e;)}, Ha Heme-



pecekatomuecs: mapbl (e;, €;) ocyuiecTisier Bpaienue (e;,ex) — (ex, —e;)
Bcex map pasduenus. C apyroi CTOPOHBI, MATPUIIBI IPEICTABICHUST H30MOD-
(GpU3MOB TPAaHUNBI N-MEPHOTO MapasiIeenuiesa, KBaJpar KOTOPBIX paBeH
AHTHUIIOMAIBHOMY OTOOpazkeHuto, npunajiexar SO(n) u UM COOTBETCTBY-
10T PeryJIsgpHble BEKTOPHBIE MO/ COOTBETCTBYIONIEH HeueTHOMEPHOH cephl.
CrenoBaTeIbHO OPTOTOHAJIBHOCTD MAPBl TAKUX MOJIeH TPUBOJAUT K TOMY, UTO
KBa/[PaT KOMIIO3UIUU COOTBETCTBYIOIINAX UM HU30MOP(MHU3MOB I'DAHUIIBI TaPaJI-
JIeJIENUe [ PABeH aHTUIONATHLHOMY OTOOpazkeHno. Takum o0pa3oM, MaKCH-
MaJTbHOE YUCJIO TIOMAPHO OPTOTOHAJIBHBIX BEKTOPHBIX I0JIel HeIeTHOMEPHOIT
cdepnl S"! B TouHOCTH paBHO MAaKCHMAJIBLHOMY HYHCJIY COOTBETCTBYIONINX
T30MOPMUIMOB I'PAHUIIBI N-MEPHOTO MapaJslieenueia.

Urak, mpocTpancTBO oneparopoB, (POPMUPYIOMAX PEry/ispHble BEKTOD-
Hble 110J1st ¢pepbl Mbl Oy/ieM HCKATh B HEKOTOPOH moarpytme M (n) rpymibt
MOHOMUAJIBHBIX TOICTAHOBOK, COCTOSIIEH HCKJIIYUTE/THHO W3 CHMMETPUY-
HBIX U KOCOCHMMETPHUYHBIX MaTpHII, T.e. MATPHUIl, KBa/IpaT KOTODHIX paBeH
E nnu —E. Ilycrs rpynma M (2™) mopoKaaeTcst 2m-31eMeHTHBIM MHOKe-
crBoM {A1, ..., Apn, B1,..., By}, tie A;— 6109HO-TuaroHa bHAsS MATPHIIA,
COCTOMAIIAS U3 PACIOIOKEHHBIX 110 JUATOHAIN KBAIPATHBIX MATPHIL IOPSIIKA

= 2!, IMEIoIUX HeHy/IeBLIe 3JIeMeHTEl Be3e KPoMe M0O0UHOM AnaroHaln,
Ha KOTOPOU pacmoJioyKeHbl k e IuHUI, a B; — JAnaroHaJbHast MaTPUIIA, JTHATO-
HaJIb KOTOPOii 3aII0/IHEeHa I0CIe10BaTeIbHOCTBIO depe ryomuxcs 25 e tuHuIy
n 27! enumWn co 3HAKOM MHHYC, OpHUeM ImepbBble 207! enunun nmaronasm
UMeIOT 3HaK 1oc. Mrade roBops, omepatop A; aeiictByer Ha R” tak, uTo B
KaxKI0M nogupocrpancTse RF, na KOTOpbIe OHO PACK/IAIBIBACTCS B IPAMYIO
CYMMY, IMEEeT MeCTO 3ePKAJTHHOE OTPAZKEHNE, T.€. TEPECTAHOBKA BCEX MEPBBIX
KOOD/IMHAT € TOCJeTHIMHI, BTOPBIX C IPEeIOCIeTHUMUA, H TakK Jajee. B cBoio
odepelib, onepatop B; nmefictByer Ha R™ Tak, 94TO B KayKJIOM HOJINPOCTPAH-
cree R¥ mMeer MecTo 3epKaabHAasd WHBepCHs, T.e. W3MEHEHHE 3HAKa BTODOIl
o10BUHBL KoOpauHat. Tem cambim, rpyniy M (2™) MOXKHO HA3BATD 2pynnot
3EPKANDHUL CUMMEMPUL.

Kak Jrlerko mpoBepuTh, Bee TeHepaTopsl rpymmbl M (2™) sBisirorest opTo-
roHaLHBIME CHMMeTpUUHbIME onepaTopamu (A? = B? = F nad Beex i),
KOTOpbIe MO0 KOMMYTHPYIOT JH0O aHTUKOMMYTUDPYIOT, a uMenHo, A;A; =
Ain, BLB] = BJBZ JJid BCEX ’i,j, u ALB] = —BJAZ ecan 1 Z j, HO
A;B; = BjA; ecin i < j. Ilycts npoussosbHblii oneparop C, B3ATbIH 13
TPYIIBI 3¢PKAJBHBIX CHMMETPHUi, PA3JI0ZKEeH B HEKOTOPOE ITPOU3BEIEHNE Te-
HepaTopos. Torma, /st TOro 9Tobbl BBISCHUTD, aBjdercs ju C cHMMeTpHY-
HBIM HJIH KOCOCHMMETPHYHBIM OPTOTOHATBHBIM OIEePaTOpPOM HaM HeOOXO/IH-
MO BUYHCJHUTH Y€MYy paBeH KBaJpatr omeparopa (', T.e. yCTAHOBUTH PaBEHCTBO
C? = E wm C? = —E. Tlpex/e Bcero 3aMeTHM, 9TO IPH IEPECTAHOBKE
MIPOU3BOJILHON TApbl TEHEPATOPOB Pa3joxkeHus omeparopa C' MbI MOy IHM



HOBBII omeparop C’, KBaapaT KOTOPOro IMO-MPEKHEMY PaBeH KBaJIpaTy OIe-
patopa C, T.e. (C")? = C? Ilycrb B pesyabrare KOMIO3HINE IEPECTAHOBOK
renepaTopoB passoxkenus oneparopa C' on npusenen K suny C' = AB, rue
HU B mipousBeiennn A HU B npousBejeHnn B HeET reHepaTopoB ¢ MOBTOPSI-
fonuMucs unjekcamu. Kpajgpar oneparopa C’ (paBHo kak u C') 3aBUCHT OT
[IepeCcTaHOBOYHBIX CBOMCTB omeparopa AB. HeiicrBurensho, ecin BA = AB,
to (C")> = E, a ectu BA = —AB, 1o (C")? = —E. B c¢Boio o4epe/in, nepe-
CTAHOBOYHBIE CBOCTBA oneparopa AB OnpeaesoTcss 4eTHOCTHIO YuCa 0,
PaBHOI'O KOJUYECTBY BCEX BO3MOXKHBIX nap A;B; B npoussenennn AD, nu-
JIEKCHI KOTOPBIX VAOBJIETBOPAIOT YCJOBUIO ¢ > j. Takum oOpa3oMm, B CHITy
papencTsa BA = (—1)°AB cnpasenmpa dbopMya

C? = (AB)* = (-1)°F. (1.1)

AbGcTpakTHOE TpeacTaBAeHne TPYIIL 3ePKAJbHBIX CHMMETPHUI MOXKHO
JIaTh € MOMOIIbIO 2m + 1 06pa3yoIuX U COOTHOIIEHMIA:

M(2™) ~ {(a1,...,amn), (b, .. .,bm),5|a? = =c?=e,

aiaj = ajai, blb] = bjbi, Ea; = &Z'E,e’fbi = biE,
Clibj = b]GZVZ < 7, Clibj = €bjaNi > j>

[entp rpynmst M (2™) coctout u3 AByX 3aeMeHToB {€, £ }. Oqnako aberpakt-
HOE 33/]aHUEe TPYIIIbI 3€PKAJIbHBIX CUMMETPHUIl He BIHOJIHE YA00HO, U HOITOMY
MBI BOCIIOJIb3yeMC4 €€ MpeJ/ICTaBIeHuEM B BUJIe Heabe1eBoil a/I/IMTUBHOI I'PyTI-
nel. [lycTs Ha Tpynne Z5' X Z5' 3agana GYyHKIHUS (v, TPUHAMAIOINIAS 3HAYEeHNe
0 mim 1 B COOTBETCTBUHU C OTOOPaZKEeHUEM

2 [ m
&IZ?XZE’L—)ZQCQ(&,Z?) :albl—l—aQij+---+aiij—|—---+amij,
1 1 1

(1.2)
IJIe @; 9TO COOTBETCTBYIONAA KOMIOHEHTA JIEMEHTa ¢ a b; 9TO COOTBETCTBY-
I0Iast KOMIIOHEHTa, b, U TIe IOoApa3yMeaeTcsd CYMMEPOBAHUE eUHUL U HyJIei
no moayao 2. Haunpumep, ecoim m = 5, 1o a(a,b) = arby + as(by + be) +
ag(bl + bg + bg) + a4(b1 + bg + b3 + b4) + a5(b1 + bg + b3 + b4 + b5) HOCKO.Hbe
B cyMMy (@, b) BKIIOYAIOTCS TOJBKO TAKUE PABHBIE €JIUHUIE [IPOU3BEJICHHS
a;b;, 17T KOTOPBIX BBIIOJHEHO ycsosue i > j, 1o ofa,b) = |§] mod 2, rae
HCII0 § PABHO KOJUYECTBY BCEX TeX Map €JUHHUI] 3JIeMEHTa IPYIIIbl, KOTOPbIe
IPUHAJTIEZKAT PAZHBIM KOMIIOHEHTAM MPOU3BeeHus 25" X 75" v UbU HHJIEK-
ChI YIIOBJIETBOPSIIOT COOTHOIIEHUIO i > j. Tem cambim, eciu «(a,b) = 0, T0 B
abCTPAKTHOM IPEJCTAICHAN TPYIIIbl 3ePKAIHHBIX CHMMETPHIl COOTBETCTBY-
Io1ee TIPOU3BEIEHNE KOMMYTUpYeT, T.e. ba = ab, ecsim xe «a(a,b) = 1, To

4



ba = eab. B cBoto ovepen, ecim «(a’,b) = 0, To aba'l = ad'bb’, ecnn xe
ala,b') = 1, o abad'b’ = caa’bl’. CaenoBaresbHO rpynna 3epPKAJbHBIX CHM-
MeTpuii n3omMopdHa rpyiie

Lo N (25 X Zy'),

B KOTODOIi npousseaenne (ciaoxkenue) snemenros (s,a,b) u (¢',ad,b') 3amano
dbopmy.toii

(s,a,b) + (s',d',b') = (s+ s +a(d,b),a+d, b+ V), (1.3)

rjie oTobpazkeHue v, KOHEYHO Ke, He sBJjigercd romomopdusmom. lasee, omnu-
pasch Ha abCTpakTHOE npeacTasienne rpymnsr M (2™) meabeneBoit aanTue-
HOI TPYTTION, MBI Oy1eM BT (DaKTOPU30BAHHBIIN 110 EHTPY ee deMeHT ab,
cooTBeTCTBYIONTHI d1ementy (a,b) € Z5 x 75", obo3nadarb cumBoaom (I|J),
rjae MyJbTHHHACKCH [, J cyTh HaOOPbhI HHIEKCOB €JIMHUIL @ U b COOTBETCTBEH-
Ho. Takmm 06pa3oM, n3ydeHne rpymibl BHYTPEHHIX aBTOMOPMU3IMOB I'PYIITHI
3ePKAJbHBIX CHMMETPHIT MBI CBOAUM K U3YYEeHHUIO (DYHKITHH (v, OIIPeIeeHHON
Ha rpymme Z5' X 7y

2 (Cxema perneHnd 3342491

[Ipek e Bcero ycTaHOBUM OCHOBHBIE CBOMCTBA (-(DYHKIIHH.

1. Ecnu B popmysie 1.2 cHavyaia mepeMHOKUTH BCE WICHBI & 3aTeM CIPyTI-
IUPOBATDH CJIaraeMble yzKe HIpH b;, TO MBI MOJYyduM (POPMYITY

(a,0) = by + b1 Y _aj+- b Y aj 40y a; (2.1)
m—1 m—1i 1

2. a(a,0) =«a(0,b) =0
3. a(a,b+d,b)=ala+d,b+V) = ala,b)+ald,b)+ ala,b) + a(d,b)

4. Tlockousbky nipu Jito60M (DUKCUPOBAHHOM HEHYJIEBOM 3HAYEHUU G (PYHK-
st a(a, b) paBHA CyMMe TT0 MOJLYJTIO 2 HEKOTOPHIX (BIIOJHE OMpeIesIeH-
HBIX) KOMIOHeHTOB b, To a(a,b) = 1 mig Becex Tex 2™~ 3nadenuii b,
JJTsT KOTOPBIX YKa3aHHAasi CyMMa paBHa equnute, u o(a, b) = 0 qjst Beex
Tex 2™~ 3navenuii b, 118 KOTOPLIX OHA PaBHA HYJII0. AHAIOrHYHO, IpH
T060M (PUKCHPOBAHHOM HEHYIeBOM 3HaUeHUH b Mbl motyanm 2™ ! 3na-
dennit a, s korophix afa,b) = 1, u 2™~ snauvennit a, 119 KOTOPHIX

ala,b) =0



5. Tak kak mbl umeem 2™ — 1 HenysieBbixX 3Hadenuil a(b), 1o GyHKIUSA
a(a,b) npunumaer eguuuunoe 3Hadenue Ha 2" 1(2™ — 1) pazjnunbx
apryMeHTax

6. Ecim a(a,b) = a(d, b)) = 1, 1o paBencrsa o(a, b+a',0') = 1 u a(a,b')+
a(a’,b) = 1 paBHOCHILHBI

7. Ecmu (a,b) = (i]i), T.e. a u b paBHBI JeMeHTaM ¢ eIUHHIECH B -Oif
KOMIIOHEHTE U HYJISIMH BO BCEX OCTAJIbHBIX KOMIIOHEHTAX, TOraa ov(i]i) =
aibi =1

8. Ecin (%]‘%]) = (Z’Z) + (jlj)7 rae ¢ < j, TO Oé(’L,j‘Z,j) = a;b; + aj<bi +
bj) =1

Teneps Hatma 3a7a9a CBOJUTCS K TOMY, YTOOBI BHIOPATH MAKCUMAJTIBLHO BO3-
MOKHOE MHOKECTBO {(a, b) }p(m) 71eMentoB Z5 X Z5', 1jist KOTOPBIX BBIIOJI-
mstores yeaosus ofa’, b)) = a(a”,b") = 1 n ald,V + d",0") = 1, rue
(a’,0'), (a",0") € {(a,b)}pim). Omrako, mpekie deM OOPATHTHCH K TPOH3-
BOJTBHOMY 1M, BOCIIOJTb3YeMCsS OCHOBHBIMU CBOHCTBAMH (-(DYHKITUN U PETITHM
3a7a49y B caydae m = 1,2, 3, 4.

[Iycte m = 1. Torma B rpyune Zs X Zy UMeeTCs TOJIBKO OIUH IJIEMEHT
(1|1), na xoropom dbyHKIMs @ TpUHUMAET eauanaHoe 3HaYeHue. CrenoBa-
TebHO s Besakoro BekTopa X = (X1, Xb), jgexamtero na S, Mbl mosyaum
OJIHO OpTOroHaJbHOE eMy BekTopHOoe moje A1 B1 X = (— X, X7).

llycre m = 2, rie GYHKIUSA ¢ TPUHAMAET €IMHIIHOE 3HAUEHUe Ha IIe-
cTy cBouX aprymentax. [IpemcraBumM OyHKIHNIO v, OMpeEICHHYIO Ha TPYIITE
73 x 7.2, Tabnmueit ee 3HAYCHUI, JesKAIIX Ha TIepecedeHnt CTPOK U CTOI0IOB,
r7ie CTOJIONBI COOTBETCTBYIOT 3JIEMEHTaM b a CTPOKH — 3JIeMEHTaM @, 3alli-
CaHHBIM B BUJIE JBOUYHON 3alUCH HOMEPOB CTOJOIOB U ¢TpoK (or 0 10 4),
IpUYIeM CTapIIuil pa3psi COOTBETCTBYET BTOPOMY MHIEKCY a MU — mep-
Bomy. Tora jierko mosyuuTsh Tpu aementa, pasubie {(1[1),(2]2), (1,2]1,2)}
(B aBomunoit dbopme onn umeror suy {(01,01),(10,10),(11,11)}), koropsie
06aIal0T TeM CBOWCTBOM, YTO WX TOMAPHbIE MPOM3BEIEHUS (CYMMBI) TakK-
ke orobpazkatoTcd dyHKIUeid « B eaunuiy. lelcTBUTEIbHO, IEPBBIE JIBA
37eMeHTa MOXKHO BBIODATh B CHJIY CBOWCTBA 7 a-DYHKIWW, a TPETHH 3dJre-
MEHT, ¢ y4eTOM paBeHCTBa a +a = b+ b = 0 u B cuiy cBoiicTBa 2, He
JIOJIZKEH JieKaTh Ha CTpoKax u crojbdmax ¢ Homepamu 0,1,2, HO MoOxKeT Jie-
JKaTh Ha TEpPeceYeHnun CTPOKU U cTosda ¢ nomepom 3. Ho aror BeIbOp cie-
JIyeT erne moaATBepAuTh. JIIst 3TOro HeoOX0oAMMO, MOCIeI0BATETHHO CKJIAIhI-
Bag v1emeHT (11,11) ¢ yKe BHIOpAHHBIMH 3JEMEHTAMHU, IPOBEPUTH CYMMBbI
TUX Tap JJeMEeHTOB Ha TpeaMeT paBeHCTBAa (MYHKIMH (v OT HUX eJIUHUIIE.
B cuy cpoiicTBa 6, COBMECTHOCTH TPETHErO JIEMEHTA C Y2Ke BBIODAHHBIMH



37eMeHTaMl MOXKHO TaKyKe MPOBEPUTH MU TMOMOIIH TeCTa Ha 3HAYEHUE Q-
(GYHKIINK B BEPITUHAX MPSIMOYTOJIBHUKA C JIBYMSI JUATOHAIBHO PACIOIOKEH-
HBIMH BEpIIHHAMH B TPOBEPSAEMOIl mape 3JeMeHTOB. TakuM oOpa3om, Jiisd
Begkoro sekTopa X = (X1, Xy, X3, Xy), nexamero Ha S°, Mbl HOJY4HIH
TPH OPTOrOHAJNBHBIX eMy BeKTOpHbIX mosis A1 B X = (—Xy, Xy, — X4, X3),
AQBQX = (—X4,—X3,X2,X1>, AIAQBIBQX = <—X3,X4,X1,—X2>, KOTO-
pble OPTOTOHAJIBHBL JIPYT JIPYTY.

0001|1011
00| 0{0]07]O0
010 1]0]|1
w0110
1100|111
[lyctb m = 3, rue dyHKIua «, ompejeldeHHad Ha rpymme Zi X

Z3, upMHHMaeT eJMHHYHOE 3HadeHHe Ha 28 CBOMX apryMeHTaX. Oa-
JaJuM  ee TabJUYHOe MPEeJICTABICHHE U B COOTBETCTBUH C DaHee W3-
JOKEHHOH MEeTOAMKON HaiaeM 3JA€MEHTBI, COBMECTHBIC C 3aJaIl0NIuMHu
snementamu  {(1[1),(2[2),(3|3)} (B aBowunoii ¢dbopme oHEM uHMEOT BU
{(001,001), (010,010), (100, 100) }). Tem caMbiM, MbI MOJYIHM MAKCAMAJIb-
HO BO3MOYKHOE MHOXKECTBO 3JIEMEHTOB, MOMapHble MPOU3BeIeHUsT (CyM-
MBI) KOTOPBIX oTobOpazkatorcs GyHKIued « B 1, a HMEHHO, CeMb
saementos {(1]1),(2[2),(3|3),(1,2]1,2,3),(1,3]1,2),(2,3|1,3),(1,2,3]2,3)},
B gsomunoii dopme mmerommx Bug  {(001,001),(010,010), (100, 100),
(011,111),(101,011),(110,101), (111,110)}. CnemoBaTesbHO JJisi BCSIKOTO
sekTopa, X = (X1, X, X3, Xy, X5, X¢, X7, X3), nexamero na S’, Mbl 10-
JIYIUM CEMb OPTOIOHAJIBHBIX €My BEKTOPHBIX TOJIed

AlBIX - (_X27 le _X47 X37 _X67 X57 _X87 X7>7

AyBo X = (— Xy, — X3, Xo, Xy, — X5, — X7, X6, X5),
AsB3 X = (—Xs, — X7, — X6, — X5, X4, X3, Xo, Xy),
A1AyB1ByB3 X = (— X3, Xy, Xy, — Xo, X7, — X5, — X5, X6)
A1AsB1Bo X = (— X7, X5, X5, — X6, — X3, X4, X1, — X>),
Ay A3B1 B3 X = (— X5, Xg, — X7, Xs, X1, —Xo, X3, — X4),
A1AsA3By B3 X = (—Xg, — X5, X3, X7, Xo, X1, — X4, —X3),

KOTOpPBIe OPTOTOHAJIBHBI JIPYT JAPYTY.



000 | 001 | 010 | 011 | 100 | 101 | 110 | 111
000 O 0 0 0 0 0 0 0
00L| O 1 0 1 0 1 0 1
010 0 1 1 0 0 1 1 0
011 | 0 0 1 1 0 0 1 1
100 | O 1 1 0 1 0 0 1
101 O 0 1 1 1 1 0 0
110 | O 0 0 0 1 1 1 1
111 0 1 0 1 1 0 1 0
[Iyctb m = 4, roe dyHKIUS  NPUHAMAET €JIMHUYHOE 3HAUEHUE Ha,

120 saementax rpynnb Zi X Z3. Ecam zazarth ee tabamunoe mpecTan-
JIGHUE, TO B PE3yJIbTAaTe MOCIEIOBATENHLHOTO TOUCKA 3JIEMEHTOB, COBMECT-
mbix ¢ smementamu {(1]1),(2|2), (3]3), (4|4)} (B aBomuHoii dbopme oHU HMe-
ot By {(0001,0001), (0010,0010), (0100, 0100), (1000, 1000)}), MbI Moy IHM
8 smementoB, a mmenno, {(1]1),(2]2),(3]3),(4]4),(1,2]1,2,3),(1,3]1,2,4),
(2,3]1,3,4),(1,2,3|2,3,4)} (B sBoMunoii popme oun umeror Bus { (0001, 0001),
(0010, 0010), (0100, 0100), (1000, 1000), (0011, 0111), (0101, 1011), (0110, 1101),
(0111,1110)}), koTropbie 061aJa0T TeM CBOICTBOM, 4TO WX MOHAPHBIE TIPO-
u3BejieHns (CyMMbl) Takzke oToGpazkarorcs dbyHKImeil o B equnuily. Kpome
TOrO, OHU ODJIAJAIOT TAKHM 3aMedYaTeJIbHBIM CBOHCTBOM, UTO CyMMa MO MO-
JYJII0 2 BCEX KOMIIOHEHTOB b POU3BOJBHOTO 3yieMeHTa (a,b) U3 MHOKECTBA
{(a,b)}pu) Bcerma pasna eaunune. Vvess B By COOTBETCTBHE 3JEMEHTOB
(a, b) omeparopam AB, MBI JIETKO TIOJIyIUM BOCEMb OPTOTOHAJIBHBIX JIPYT JIPY-
I'y BeKTOPHBIX moJteii cepnr 1.

[IycTh Temepb m npousBojbHO, npudeM m = 4d + ¢, roe ¢ = 0,1, 2, 3.
Caygam m < 4, B kotopeix d = 0 ac = 1,23 ud =1ac = 0 mb
yZKe paccMoTpenu, mosromy mycrs m > 4. Torma mmoxkectso {(a,b)}pim)
COCTOUT W3 MOJAMHOKeCTBA {(a, b)}p(4) ¥ U3 3aNHCAHHBIX B ABOMYHOI (opme
ssiemenToB (a’,0') Buja

(24k+1a + 24kX<a)’ 24k+1b),

rae k= 1,...,d; quckpernas Gynknus X(a) NPUHUMAET HYJIEBOE 3HAYCHUE B
TOM CJIydae, KOIJIa CyMMa IO MOJYJIIO 2 BCeX KOMIOHEHTOB ¢ PABHA eJIMHUIE,
1 Ha00OPOT, eC/IM ITa CyMMa paBHA HYJII0, TO 3HaYeHne dhyHKIUE Y (a) paBHO
equnute; (a,b) € {(a,0)}pu) ma bk =1,...,d —1u (a,b) € {(a,b)}p) ang
k = d, npugem, p(0) = 0. Kax serko nposeputh, a(a’,b’) = 1 a B cuity toro,
9TO CyMMa IO MOIYJIIO 2 BCeX KOMIIOHEHTOB b M a' 1o OTHeJbHOCTH paBHA
enunune, GyHKIUsS o OT CyMMBbI JIBYX IPOU3BOJIBHBIX 3JIEMEHTOB MHOMKECTBA,
{(a,b)}p(m) Taxxke paBHA eAUHUIE, T.€. MHOKECTBO {(a, b) }p(m) YAOBIETBODSI-
€T BCeM HEeOOXOIMMBIM TPeOOBAHUSIM.



Urax, Tenepsb Mbl ymeeMm dbopmuposaTh Ha cdepe S"! cucremy uz p(m)
OPTOTOHAJBHBIX BEKTOPHBIX mojieil. CiemnoBaTenbHO B KaxKI0i TOUKe ce-
PBI MOXKHO 33/1aTh periep u3 p(m) OpTOHOPMHUPOBAHHBIX BEKTOPOB, HA KOTO-
poe HaTsArmBaercs mpocrpamcTso RPU™ | oproronasbroe BekTopy X. Besxoe
quHeinoe mpeoGpasosanne RP(™ | 3anamnoe oGpaTnMoii (HEBBIPOK IEHHOH )
KBaJIpATHOM MaTpuIieil mopsiaka p(m), TpancdopMupyer Halr OpTOHOPMUPO-
BaHHBIH perep HPOU3BOJIbHBIM O0Pa30M, U TE€M CAMBIM HEPEBOJAUT CUCTEMY
OPTOTOHAJBHBIX BEKTOPHBIX II0JIEHl B LIPOM3BOJIbHYIO CHCTEMY PeryJspHBIX
JVHEHHO He3aBUCHMBIX BEKTOPHBIX TToJ1eit ccpeprr S™ 1. Bosee Toro, ecan sute-
MEHTBI MATPHIBI IpeobpasoBarns RP™) gBiIgi0TCS IPOM3BOIBHBIME HEIIPe-
PHIBHBIMH BeIECTBEHHO3HATHBIME (PYHKIUIMHA, ONpeaeIeHHbIMI Ha cdepe,
TO MBI IOJIYYHM IIPOU3BOIBHYIO CHCTEMY HEIPEPBIBHBIX JTHHEHHO HE3aBHCH-
MBIX BEKTOPHBIX T0j1eii cepn S™ 1. Bmecre ¢ Tem, ecam Mbl X0TuM ¢Op-
MHPOBAThH ITPOM3BOJIBHOE TPUBHAJLHOE BeKTOpHOEe moje & cdepsr S, To
MBI JIOJIZKHBI CHAJajIa U3 OleparopoB, GopMUpYOMMX cucremy u3 p(m) op-
TOrOHAJIBHBIX BEKTOPHBIX IOJIeH, 06pa3oBaTh JInHeliHOe mpocTparcTBo GP™)
HajJ R, a 3areM B KadecTBe & B34Th IMPOU3BOJILHOE HEIPEPBIBHOE OTOOpazKe-
e € 0 S"1 — GP™M \ 0. BameTnMm TakiKe, UTO MEPEHECTH PE3Y/ILTAT,
noJtyyeHHsblit Jyig n = 2™ Ha caydait n = (2a + 1)2™, He cocraBiger Tpy/a,
JIOCTATOYHO PA3JIOKUTH TPOCTpaHcTBO R” B npsimyto cymmy (2a + 1) moj-
IIPOCTPAHCTB pasMepHocTH 2™,

A 06 oamnoit MmeTadn3MIeCKOii MHTEPIIPETAITAN
BEKTOPHBIX I10JIEN

[Ipexxae Bcero 3aMeTHM, 9TO pery/ispHble OPTOrOHAJBHBIE BEKTOPHBIE OIS
3-MepHOii chepbl HHAYIUPYIOT 3-MePHOE eBKINI0BO IPOCTPAHCTBO. [leiicTBH-
TeJbHO, €CJIM Ha OolepaTOpPbl G1 = AlBl, GQ = AQBQ, Gg = A1A2B1B2 Ha-
TaHyTh pocTpancTBo (G, Go, G3)g, cocroamee n3 snementos X = 117Gy +
193Gy + 13G3, To X? = — (22 + 23 + 22)E. Cunenopate/bHO TpoiiKa renepa-
topos (G1, Gy, G3) nopoxknaer knaccnieckyo anrebpy Kiuddopaa, B Ko-
TOPYIO BKJIAJIbIBAETCH 3-MEPHOE eBKJIMI0BO mpocTpancrso R3, cocrosgiee n3
9JIEMEHTOB & = I'1€1+ T2€ + T3€3. AHAJIOIMYHO, PEry/asSPHbIe OPTOrOHAILHBIC
BEKTODHbIE 10JIs1 HedeTHOMepHOi (n-1)-mepHoii cdeprl mHAyIMpyOT p(m)-
MepHOe eBKJINJI0BO IIpocTpancTBo. O6parnMca Tenepb K ncesuocdepe
v+ rs b as b2l —ai—wl— 22—l =1,

KOTOpas 3aJaHa B NpocTpaHcTBe RS, mMMeIomeM MeTPHKY C CHIHATYPOIH
(+,+,+,+, —, —, —, —). Torma kacare/jbHOE BEKTOPHOE TOJI€ TON MCEBIO-
cdepbl GyeT OPTOrOHAJIBHBIM (B 9TON METPHUKE) K IIPOU3BOJBLHOMY BEKTODY
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X, nexameMy Ha Heit. 1 Toro uTobnl chopMupoBaTh MAKCUMAILHOE UHC-
JIO OPTOrOHAJILHBIX X M OPTOTOHAJIBHBIX JIPYT APYTY PEryJIgPHBIX BEKTOPHBIX
nojieit, obparumcs K TPYyIIe 3epKaJibHbBIX CUMMETpHil B ciaydae m = 3, OT-
Ky/JIa Mbl H BO3bMeM 4eThipe (MaKCUMAIbHO BO3MOXKHOE YHCJIO) PEryIaPHBIX
BEKTOPHBIX I10JIsI, PABHBIX

GOX = A3X = (X8aX77X67X57X47X37X27X1>7

GlX — AlBlX — (—XQ,Xl, —X4,X3, _X67X57 _X87X7)7
GQX - AQBQX — (—X4, —Xg,XQ,Xl, —Xg, —X7, Xﬁ,Xg,),
G3X = AlAQBlBQX = (_X37 X47 X17 _X27 _X77 X87 X57 _X6)

Jlerko 3amerurb, uro omeparopb (Go, Gy, Gy, G3) cocrasagior HabOp re-
Heparopor anaredbpul Knuddopaa. /leficrBuresnbHo, ecin HA HUX HATSIHYTH
nuHeitHoe npocrpancTBo (Go, G1, G, Gi3)r, cocTodinee u3 BeKTOPOB X =
190G + 211G + 22Gy + 123G, To X2 = (22 — 22 — 22 — 22)E, a cnegoparesnnno
Mbl 1OJIy4uM 16-MepHyIO ajiredpy, B KOTOPYIO BKJIQ/IbIBAETCS 1CEBI0EBK/IU-
1080 mpocTpancTo RY ¢ currarypoit (+, —, —, —). Tem cambiM, MBI (bakTH-
YECKH TIOCTPOUIN CIUHOPHOE MPEACTABICHIE TICEBI00PTOTOHAILHON TPY B
O(1,3). B camom jesie, mycTh ¢ — MPOM3BOJIBHBIA JEMEHT IPYIIbl 06pa-
THMBIX 3JI€MEHTOB aJrebpbl, KOTOPBI OJHOBPEMEHHO SBJISETCH 3JIEMEHTOM
IPYIIBI BHYTPeHHUX aBToMopdusMos npocrpanctsa (Go, G1, Ga, G3)g, T.e.
9gXg ' =Y, e Y = yoGo + y1G1 + 192Gy + y3Gs. Torma Y? = X2, orkya
y? = 2%, e x,y € R n mo3TOMYy BCAKOMY 3JI€MEHTY ¢, JefiCTBYIONIEMY
conpszkenneM Ha (Go, G, Gy, G3)r, COOTBETCTBYET HEKOTOPBIi 1CEBI00PTO-
rona/bHbIl onepatop A(g), meiicrBylomuit Ha R? Tak, uro A(g)r = y, T.e.
MBI ITOJIYYHUIA TOMOMOPGU3M CIMHOPHOM IPYNIBI B IICEBIOOPTOrOHATILHYIO
IpyniLy, rjae orodparkenue, 06paTHoe ITOMY rOMOMOPGMU3MY, U €CTh CIUHOP-
Hoe npejcrasiaenne rpynnsl O(1, 3).

Temnepsn, ciemayst BoIpaDOTAHHONW METOIOJOTHH, PACCMOTPUM anarebpy pe-
IYJISPHBIX BEKTOPHBIX [OJIeH IATHMEPHOIl meeBaocdeps

2 2 2 2 2 2
$1+IL’2+$3+$4—$5—$6:1,

KoTopad 3aJaHa B mpocTpaHcTse RS, mMeromeM MeTpmKY ¢ CHIHATYpOit
(+,+,+,+, —, —). Ecin B kKagecTBe reHepaTopoB 3TOi aaredpbl BISTH BEK-
TOPHBIE TOJIA

(X1, X2, X5, X6, X3, Xy4),
(— X2, X1, — X4, X3, — X, X5),
(_X47 _X37 X27 Xl> _Xf)'? X5>7
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(_X3> X47 X17 _X27 _X67 X5)7

TO JIErKO 3aMeTHTb, 4TO OHHM IHopoxkjaaoT ajaredopy Kiuddopma, B Ko-
TOPYI0 BKJJBIBACTCA ICEBIOEBKINI0BO HpocTpaHcTso RY ¢ cmrmarypoit
(+,—,—, —), T.e. IPOCTPaHCTBO MHUHKOBCKOTO.

TakuM 06pa3oM, pery/dpHble BEKTOPHBIC 110/ TATHMEPHO# ncesocde-
pHI

i+ a4+ as+a] —ai—ag=1

UHIYTUPYIOT CAMMETPHE, KOTOPBIME 00/Ia1aeT BAKYyM B MaciiTabe Makpo-
1 MHKPOKOCMOCA. Bmecre ¢ TeM, JOKaabHyI0 (POPMY IyCTOrO MPOCTPAHCTBA
(BakyyMa) MOXKHO CBa3aTh ¢ npoussegenueM cdep S x S, koropoe B 1po-
ecce 9BOJIIONUN BCeJIeHHOH CKOJIB3UT 110 mceBiocdepe Tak, 4TO paguychl
91X chep yBEJHIUBAIOTCs, HO BCEIJA OCTAIOTCS CBI3aHHBIME COOTHOIIEHH-
em R?*(S3) — R?(S') = 1. Tlosromy MBI HOJATaeM, 4T0 BEKTOPHOE T10JIe TIATH-
MepPHOI 1ceBochepbl MOXKET UMeTh MeTa(hU3NIECKY 0 HHTEPIPETAIIIO KaK
HoJle CKOpOCTeil YacThyeK JBUzKYIeficd MaTepuu, KOTOpoe JIOKAJbHO U 01
HOMOMEHTHO nMeeT ¢dpopMy Tpomssegenns cdep S2 x St
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